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ABSTRACT

This paper describes an advection-diffusion mathematical model in facultative ponds of different geometrical domains. The geometrical domains
of the facultative ponds are the side (one-dimensional), the plane (two-dimensional), and the space (three-dimensional). The purpose of this
paper is to know the numerical simulations of these three advection-diffusion models (1D, 2D, and 3D) using explicit finite difference method.
Numerical simulation can be used to evaluate the distribution of pollutant concentrations. The concentration of pollutant tested was same as
the concentration of biochemical oxygen demand. The result of numerical simulation showed that more complex the geometrical domain of
a facultative pond, the more visible is the process of moving the mass concentration (advection) and mass spread (diffusion) in the facultative

ponds.
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1. Introduction

Healthy living is one of the basic needs of society that must be
met. A healthy environment is defined as an environment {ree
ol waler, air, or soil contamination. The stipulation for such an
environment will be satisfied if the wastewater is managed properly.
The environmental remains polluted if the wastewater is discharged
without being processed. A responsible service policy and strategy
for handling wastewater are required. In urban cities, a centralized
wastewater management svstem has been established for this
purpose. This management system prevents pollution from domes-
tic wastewater by utilizing piping networks. Wastes are then proc-
essed in a wastewater treatment plant (WWTP).

A WWTP consists of six ponds, four facultative ponds and two
maturation ponds. The facultative pond is capable of degrading
the large amount of organic matter which resides in household
waste water. The transport of pollutants through displacement and
mass spread of substances takes place in facultative ponds. The
transportation of a substance {rom one site to another is called

advection [1]. The spread of particles due to random molecular

motion is described by Fick's law as diffusion [2]. Diffusion is
different from dispersion. The rate of spread of particles through
diffusion is assumed to be proportional to the gradient of concen-
tration of particle, while the rate of spread of particles through
dispersion is different at different locations [3]. Bv knowing the
pollutant gradient of the pond, a mathematical model can be con-
structed to describe the phenomena of transpartation of pollutants.
The pollutant gradient may be a straight line on one side of the
pond (one-dimensional), may appear horizontally and vertically
on the plane (two-dimensional), or may appear in space (three-di-
mensional). The advection-diffusion mathematical model is repre-
sented by using partial differential equations.

Biochemical oxvgen demand (BOD) is the parameter which is
used to determine the degradation efficiency of the dominant organic
matter contained in household wastewater. The efficiency of degrada-
tion of organic matter in facultative ponds depends on the rate of
declire in the BOD value [4]. BOD parameter is important for designing
a wastewater treatment plant [5, 6]. Some other important parameters
are also used to analyze organic matter in wastewater. The use of
dissolved oxygen (DO) parameter has been discussed by Noikondee
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et al. [7]. Hence, analyzing these important parameters are important
in wastewater management and optimization processes.

Various researches on advection-diffusion mechanisms have
been conducted by using numerical solutions. Kava et al. [8] com-
pared four different numerical methods for solving advection-dif-
fusion equations. These are finite difference, fourth-order finite
difference, finite volume, and quadrature differential methods.
Thongmoon et al. [9] also compared finite difference methods,
such as the forward-time central-space (FTCS) method and the
Crank-Nicholson method with the cubic spline scheme for solving
the one-dimensional advection-diffusion equation. Savovic et al.
[10] solved the one-dimensional advection-diffusion equation with
the variable coefficients in semi-infinite media. Dehghan et al.
[11] have construdted as well as compared several different numer-
ical techniques with each other to solve a three-dimensional advec-
tion-diffusion equation with a constant coefficient. This technique
is based on the two-level fully explicit and fully implicit finite
difference approximations. In another work, Thongmoon et al. [12]
have produced examples in which three-dimensional advection
dispersion equations were solved using finite difference numerical
methods, such as FTCS. Appadu et al. [13] addressed two forms
ol advection-diffusion problems through three different numerical
methods, namely third-order and fourth-order upwind schemes
as well as non-standard finite difference schemes.

Recently, some published research articles describe the superi-
ority of finite difference method. Brewitt-Tavlor et al. [14] discussed
about the use of finite difference method for micro-perforated panel
absorber predicting, whereas Patil et al. [15] applied the finite
difference method to analyze bio-heat transfer in human breast
cvst. Furthermore, Gao et al. [16] applied finite difference method
for isotropic elastic wave simulations. Ben-romdhane [17] solved
the Bratu's problem by using finite difference method. Arteaga
et al. [18] showed that static diffusion equation model could be
solved by using finite difference method. For more theories and
further applications, the modified (generalized) finite difference
method was investigated by some researchers, such as Kamyabi
et al. [19]. This modified (generalized) finite difference method
has been applied in many areas, such as in analyzing matched
layer elements [20], solving plane crack problem [21], analyzing

Table 1. Water Quality Data for The Sewon WWTP in 2018

dendritic growth [22], numerical simulation on waves-current inter-
actions [23], and analyzing three-dimensional transient electro-
magnetic problems [24].

Several authors, including Sunarsih et al. [25], have studied
facultative ponds. Sunarsih et al. [26] created a mathematical model
based on facultative stabilization ponds that tread domestic waste-
water in steady conditions. In another work, Sunarsih et al. [27]
formed 13 sets of nonlinear simultaneous differential equations to
evaluate the fundions of WWTPs. Furthermore, Sunarsih et al. [28,
29] applied finite difference numerical method and Dufort Frankel
method to one- and two-dimensional chemical oxygen demand (COD)
concentration model in waste stabilization ponds and in simulation
of advection-diffusion on flow in waste stabilization ponds
(1-dimension) with finite difference method forward time cen-
tral-space scheme [30]. In addition, Sunarsih et al [31] also completed
the two-dimensional advection dispersion model of BOD concen-
tration by utilizing finite difference methods for validating it.

By deploving explicit finite difference methods based on the
distribution of BOD concentration in facultative ponds in one-,
two-, and three-dimensional domains, this article provides a numer-
ical solution for the advection-diffusion model.

2. Material and Methods

2.1. Facultative Ponds
Facultative ponds are one of the ponds in WWTP. One such plant
is located at Sewon, Bantul, DI. Yogyakarta, Indonesia. The Sewon
WWTP managed wastewater via centralized system. The network
of sewage pipes carries wastewater from households in Sleman,
Bantul, and Yogvakarta and drains it in the Sewon WWTP.
The biological processes inside the WWTP were conducted in
facultative ponds which are designed to degrade (waste loads of
100400 kg BOD per day at 20-25°C). The largest source of oxvgen
in each pond comes from photosynthesis in algae and this oxvgen
is needed by the aerobic bacteria to degrade organic matter [4].
Therelfore, waste loads are regulated to maintain the total population
of algae in water.

Month pH TEMP (°C) DO (mg/L) BOD (mg/L) COD (mg/L) TSS (mg/L)
IN OUT IN ouT IN ouT IN OUT IN ouT IN ouT
]anua[y 6.20 6.05 28.93 29.75 1.10 3.02 202.15 21.45 1,587.52 84.17 331.80 28.10
Fehrua.ry 6.00 6.10 28.70 29.38 1.48 3.45 153.05 23.25 925.18 102.26 268.90 21.90
March 6.10 6.00 28.83 29.31 0.98 3.14 214.95 25.10 1,537.76 114.66 290.90 23.57
April 6.10 6.19 28.93 29.57 1.22 3.16 142,26 29.52 735.98 91.86 239.52 27.33
May 6.03 7.56 29.30 15.22 2.13 2.28 222.33 27.40 1,533.10 486.39 452.75 22.70
June 6.09 6.14 28.36 28.66 1.30 3.27 214.23 21.68 928.12 76.78 296.36 24.91
]uly 6.07 6.00 28.40 28.53 0.80 3.10 301.00 17.33 2,064.81 52.04 492.33 26.33
Augusl 6.00 6.00 28.32 28.55 0.71 3.09 310.41 27.86 1,468.13 70.91 714.18 29.59
Seplernher 5.95 6.00 28.71 29.26 0.4 2.95 281.86 25.71 1,273.38 125.11 637.95 36.86
October 6.69 6.90 28.49 28.86 1.00 3.10 437.05 23.43 2,290.31 113.56 541.43 25.19
November 7.25 7.70 28.00 28.00 0.93 3.24 239.79 22.14 972.10 38.10 281.81 25.10
December 7.32 7.71 27.55 28.08 1.69 3.17 261.15 24.58 1,073.66 97.49 261.89 24.58
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Table 2. Influent Data for the Sewon WWTP in 2018

Volume (m’)

Month — "

Minimum Maximum  Average Total
January 215 11,815 5,820 180,433
February 1,086 19,910 7,839 227,325
March 2,739 13,308 8,636 250,453
April 3,123 15,016 8,720 235,440
May 0 11,161 5,639 163,520
June 38 486 111 2,002
July 491 5,273 1,790 32,221
August 736 5,273 1,925 26,955
September 736 5.273 1,699 20,390
October 17 30 24 310
November 736 5,273 1,740 22,623
December 5,532 19,164 13,152 53,624

The average BOD of treated water is 18 mg/L (cleaning ratio
of 87%), which is below the expected amount of 30 mg/L. This
meets the value stipulated by river drainage regulations for the
Bedog river, which has a BOD less than 50 mg/L. Water quality
data for the Sewon WWTP in 2018 (vearly evaluation data for
the WWTP) is cited in Table 1.

Influent from WWTPs tends to increase throughout the rainy
season and during drv season. Storm can cause widespread struc-
tural damage to connections, increased roof drainage, and damage
in pipes that raises the groundwater level. Influent from the Sewon
WWTP in the vear 2018 has been shown in Table 2 (vearly evaluation
data for the WWTP).

2.2. Advection-Diffusion Model

The mass-balance equation of BOD in a pond flow consists of
inflow, outflow, reaction, and deposition processes. However, in
this case, the reaction and settlement mechanisms are not taken
into account, because BOD was assumed not to undergo settlement
and no reaction with any material in the flow.

By considering the geometrical domain, the advection-diffusion
mechanism in a facultative pond can be described by a series
of mathematical equations. The geometrical domain of a facultative
pond consists of surface planes and interior space. The geometrical
domains are shown in Fig. 1-3. Fig. 1 illustrates that water flow
only occurs in one direction, namely x, so that advection occurs
only in the x direction, whereas diffusion can occur in all directions.

u

> X
0 L

Fig. 1. The geometrical domain on one side of a facultative pond.

-

0 L

Fig. 3. The geometrical domain of interior space of facultative pond.

The representation of the advection-diffusion mechanism of the
pollutant concentration with flow in one direction on one side
of a facultative pond has been described by Sunarsih et al. [31]
by the following equation:

aC Be) &c
e Dmg ()

it &x

The following equation is applicable for the surface plane of
facultative pond [32]:
éC  #(ul) #C #c
@ Pmz Dz (2)
Then, taking account the one-directional flow, the depth of the
pond is measured as follows [11]:

5 B 2
&C aC aC
+Dpy—= 1Dy —=-

my 5.7 mz 52 (3)

Descriptions of C, u, Dy, Dy and Dy, used in Egs. (1)-(3) are
given below:

C  : concentration of BOD (ML?)

u : flow velocity (LT?)

Du @ diffusion coefficient in  direction (L*T")

Duy @ diffusion coefficient in  direction (L*T")

Du: @ diffusion coefficient in direction (L*T")

Eq. (1)+3) are known as the one-, two-, and three-dimensional
{or, 1D, 2D, and 3D) advection-diffusion equations in one-way flow
without reaction and settlement, respectively.

2.3. Explicit Finite Difference Method
The finite difference method is regularly used for solving technical
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and mathematical problems of physical phenomenon possessing
regular geometries. The principle of this method involves replacing
of the derivatives of differential equations with discretization of
finite differences based on the Taylor series [33]. The explicit finite
difference method means that the variables at a particular state
ol a system or a solution at stage in time can be utilized to determine
the state of the system in the next time (Fig. 4).

n+ 1 is obtained from a
n-1 1 1 1 known value of n

i-1 i i+ 1
Fig. 4. Schematic diagram of explicit finite difference method.
In explicit finite difference method, the variable function of

pollutant concentration C (x, f) and its derivatives in space and
time are approximated in the following form [34]:

Clx,t)=c¢f (4)

ac(xt) _ cit'-cf
a At (5)

acixt) _ Cfy,—ch,
ax Ax [B]

1 t, ot
2%cxt) _ chy,—2cfect
ax? Ax? (7)

Explicit finite difference method can be applied to 1D, 2D, and
3D advection-diffusion models. The discretization of a pond is
shown in Fig. 5.

= h=1m

h=0mdanh=2m = IA“'I

L N N J

Axl

Fig. 5. The discretization of a pond based on its depth level.

If the advection-diffusion model is on one side of pond (one-di-
mensional), then the discretization of pond can be seen as the
red grid as shown in Fig. 5 (with A = 0 m). The advection-diffusion
model of a two-dimensional surface plane of a pond is also shown
in Fig. 5 with h =

3. Results and Discussions

The advection-diffusion model was solved by discretization using
explicit finite difference method. The discretization result was ob-
tained by substituting Egs. (1)-{3) with Egs. (5(7). The discrete

equations are as follows:

a. 1D
c+i_gt ot —ct ch,, -2ct+ch
i i —Uu 1+.1 i-1 +Dmx i+1 i i-1 8
: 28% Ax? (8)
b. 2D
C:JH_Ct C}+\.j_cir—|.j +D |+|] ZCI]+CI 1.j +
at 28x ax? (9
my Ay?
c. 3D
CET}(—C”]( _uc{:4|.j.k_c}—1.|.k+
at 28% (10)
D 1 jk—2C 1+ Cl ik +
mx Ax?
t - t
D Cijt1k—2CijctClj-1k +D Chjtcss —2CEj 1+ Clj k-1
my Ay? mz az?
t+1 _ ot [udt Dmnr] [[ _ DmM]
citt=cp, [ +cti-2 a1
uAt | Dyt
C1+1 [__+ Ax? ]
el 2ot uAt | Dynlt
Coj = Cajlaax Yo | T (12)
t _ o Dmxdt D”‘.}'M]
c; [1 22met g2

Dyt DmyAt _uat u,,,xm
C[J+l[n},z ]+C[j l[dy'z + 1+l; Ax?

¢ uat Dmxﬂt
Cuk_c —1Lfk |Zax ]+ (13)

_ Dmm DinyBt Dzt
Uk[l 2—=-2 Ay? z Az? +

t Dmynr ¢ D,,.ym
CIJH.R[ Ayt +Cu 1.k

[ udt DMldt
r+‘1 Jik Zﬂx

|4 Dz AL
C;k '[Az2 ]

] + Cr Jhe+1 [D:‘:St] +
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With the help of pollutant concentration value at time ({), at
a given grid-point, Egs. (11)-13) are used to calculate the pollutant
concentration value at {+1. The equation can be solved using
MATLAB software by providing the parameter values. These param-
eters are the diffusion coefficient, flow velocity, and flow time.
The parameters were determined by utilizing data obtained from
field samples at the Sewon WWTP. The value of diffusion coefficient
D =D =D =823x10 "m*/h (the diffusion

parameter was [ iy = D
coeflicients of the x, y, and z directions are assumed to be the
same). The diffusion coefficient parameters were estimated using
Evrings theory and the hydrodynamic theory of the Stokes—Einstein
equation [35]. The flow velocity was v = 1.0875m/h and the flow
time was { = 24 h. The size of the facultative pond was. Based
on the size of the pond, the grids were of specific sizes, such
as Mxl =11, Ar2=275 Ayl=10, Ay2=25 and Ah=1.

Based on the advection-diffusion mechanism, the pollutant con-
centration or BOD value is calculated using explicit finite difference
methods that are applied to the MATLAB software. The resulls
of these calculations are simulated in the form of 2D graphics,
which is also produced using the MATLAB software.

The simulation of the BOD concentration distribution based
on the advection-diffusion mechanism for one (length) side of a
facultative pond is shown in Fig. 6. It can be shown that, at ¢
= 1, the highest BOD concentration was at the center of the length
side of the pond. To the left and right of the midpoint, the BOD
concentration decreases. However, BOD concentrations on the left
show a tendency to decrease more significantly than on the right.
As the aerator was situated at the midpoint of the length side
of the pond, the BOD concentration was lower in the left and
right directions of the pond length. The BOD concentration was
only being examined on one side of the pond. As a result, the
distribution of BOD concentrations (Fig. 6) does not appear clearly
for any particular point in time.

BOD concentrations decrease over time, but the direction of
the BOD distribution inareases continually. The value of BOD de-
creases with an increase in the spread of BOD. This can be ohserved
from the data displayed at the cursor. At the same value of X
(length of the pond) for the different values of Y (time), the BOD
concentrations appear altered. At t = 6, the concentration value
of BOD were 75 and 96. At { = 19, it had decreased to 59 and
38. At t = 19, highest BOD concentration was located at the right
of the length side of the pond This occumred as a result of movement
of mass (advection), accompanied by spread of mass (diffusion).

Fig. 6 can also be regarded as a simulation of 1D advection-dif-
fusion model. The simulation of the 1D advection-diffusion model
of the pond can also be performed on the width side of the pond
as shown in Fig. S1.

Similar to the length side, at t = 6, the highest BOD concentration
was in the center of the width side of the pond. To the left and
right of the midpoint, the BOD concentration decreased. However,
BOD concentrations on the left ended to dearease more drastically
than on the right. There is an aerator in the middle of the pond;
so, the BOD concentration is lower to the left and right of the
width side of the pond.

BOD concentrations on the width side of the pond also decreased
over time. This is seen {rom the data shown at the cursor. At

w

Time

45
30 35 40 45

Length of the Pond
Fig. 6. Distribution of BOD on the length side of the pond.

t = 6, the BOD concentration value at the point on the side of
the pond was 46.02, decreases at t = 19, and becomes 43.55. At
t = 19, the highest BOD concentration was located on the left
hand side of the width of the pond. This occurred as a result
of movement of mass (advection), accompanied by spread of mass
(diffusion).

Based on the observations made from Figs. 6 and S1, it could
be concluded that the highest BOD concentration was at the middle
of the pond. Over time, though, the concentration of BOD spreads
and decreases. The spread in BOD concentration was also accom-
panied by the process of mass transler from one position to another
enabling concentration of BOD to increase at a particular point.
The simulation of the BOD concentration distribution is based
on the advection-diffusion mechanism for a facullative pond surface
plane as shown in Figs. S2 and S3. At t = 6, the highest BOD
concentration is in the middle of the surface plane of the pond.
The nearer to the edge of the pond, the lower is the BOD
concentration. This was attributed to the role of the aerator. The
distribution of BOD concentration across the surface plane of the
pond becomes transparent for some time.

At t = 19, the highest BOD concentration was located in the
middle of the surface edge of the pond. The more toward the middle
of the pond, the lower is the BOD concentration. BOD concentrations
at the left edge of the surface plane of the pond succeed in possessing
the standard minimum quality values. These are the variety of
factors, including the aerator, temperature, pH, and the season
over long time intervals.

From Figs. 52 and S3, it can be concluded that the process
of spreading and mass transfer took place over a duration of 13
h. Mass spread (diffusion) causes a decrease in BOD concentration.
This is evident from the cursor data shown in Figs. S2 and S3.
At the same point or at the position of the pond plane, the BOD
concentration level decreases from 55.29 at { = 6 to 54.47 at ¢
= 19. However, this decrease in BOD concentration was only about
0.82 mg/L over the span of 13 h.

Mass transfer (advection) caused an increase in BOD
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concentration. This was evident on the right side of Figs. 52 and
S3. The vellow colar which indicates the highest concentration was
not originally present on the right-hand side of Fig. S2, but it appears
on the right-hand side of Fig. S3. The simulation of BOD concentration
distribution based on the advection-diffusion mechanism at a pond
depth of one meter is shown in Figs. S4 and S5.

The inferpretations of Figs. S4 and S5 are similar to those provided
earlier for Figs. S2 and S3, primarily because each or the four
figures display equal advection-diffusion in a pond at the same
time. However, there is a difference between the figures, and this
difference is with respect to the level of BOD concentration.
Therefore, spreading directions look slightly different. Figures S4
and S5 have higher BOD concentration levels than Figs. 52 and
S3. This can be seen from the cursor data shown in Fig. 52, which
shows BOD concentration level of 55.29, while Fig. 54 shows 59.26.
The concentration level of BOD in Fig. S3 is 54.47; in Fig. S5,
the concentration level of BOD is 60.65.

The increase in BOD concentrations, as shown in Figs. S4 and
S5, was due to the different depths of the pond. Figs. S2 and
S3 illustrate advection-diffusion on the surface plane of the pond
(at a depth of meters). So, the depth of the pond is insignificant
and can be disregarded. Figs. 54 and S5 illustrate advection-dif-
fusion on a plane of ponds with a depth of one meter. Increased
BOD concentrations at higher pond depths are due to decreasing
sunlight; photosynthesis would not happen efficiently due to the
increased BOD concentrations. Also, the diffusion of oxygen at
the surface of the pond is difficult to achieve certain depth. Aerators
work more slowly at a depth of the pond; so, the oxyvgen delivery
in wastewater is also decreasing. Therefore, the level of oxvgen
demand in wastewater would be higher.

The numerical results illustrated in Figs. 6 and S1-S5 are com-
pared with data obtained in the field. The results obtained are
the correlation for the 1D model of —0.98, the 2D model of —0.51,
and the 3D model of —0.30. The correlation results show that the
numerical results obtained from 2D and 3D models are
non-significant. This happens because the model focuses only on
one-way flow, from the inlet to the outlet ( direction). The numerical
msults data and field data of 1D, 2D, and 3D models can be illustrated
in Fig. S6.

4. Conclusions and Future Works

The advection-diffusion mechanism in a facultative pond could
be described by a series of mathematical equations that functions
by considering the geometrical domain of facultative ponds. The
geomelrical domain of the facultative ponds consists of the sides,
the surface planes, and the interior space.

At the side of the pond, the highest BOD concentration is found
at its midpoint. However, over time, the BOD concentration spreads
(diffusion) and decreases. The spread of BOD concentration is also
accompanied by the process of mass transfer from one position
to another (advection). Therefore, the BOD concentration increased
at a particular point. However, advection-diffusion at the side of
the pond was not apparent at any point.

In contrast to what happens on the side of the pond, advection-dif-

fusion was apparent at the surface plane of the facultative pond.

The level of BOD concentration in a plane of the pond would
be seen increasing if the attention was paid to the depth. The
deeper the pond, the higher the BOD concentration of the wastewater
is. It was believed that this occurred due to reduced sunlight,
oxygen diffusion from the surface of the pond, and the work of
the aerator at the depth of the pond. Therefore, it can be concluded
that the more complex of geometrical domain of a facultative pond,
the more apparent is the process of advection-diffusion occurrence
in the pond.

In the future researches, it is recommended to optimize the
pollutant degradation in the ponds. Some mathematical opti-
mization models will be formulated to determine the optimal deci-
sion by minimizing some objective function using an optimization
algorithm.
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