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Abstract: In this paper we define orthogonality concept on Banach space. That is called Birkhoff-James
orthogonality. Some new problem about the correlation of orthogonality between Hilbert space and
Birkhoff-James were discussed. Correlation investigated by using particular norm. In other side, correlation
of minimum distance in Banach space and Birkhoff-James orthogonality also discussed, by generalizing
minimum distance in Hilbert space.
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Introduction

Functional analysis is one of the abstract branches in mathematics which studies about space structure
(such as vector space, Banach space, Hilbert space, and so on) and its mapping between these spaces (a basic
concept that important in this functional analysis). In this study, we also involve topology so it is related to
the concept of continuity and convergence of sequences in this space. This is what distinguishes between
functional analysis and linear algebra: functional analysis is linear algebra that equipped with topology. The
term functional here means a mapping from vector spaces to its field.

Every Cauchy sequences in Banach space is convergent. Also, there is an orthogonality concept
named Birkhoff-James. Since there is a correlation between Hilbert and Banach spaces, the question is, what
is the correlation between orthogonality on Hilbert spaces and Birkhoff-James orthogonality on Banach
space. As a preliminary understanding, we must know some basic concepts, such as Banach, inner product
and Hilbert space and their orthogonality.

Birkhoff-James orthogonality has been studied by several authors. Arambasic [1, 2] introduced this
concept in Hilbert C*-modules. In [3], Bhattacharyya discussed its characterics. Grover in [4], told them in
matrix subspace, and distance formula. Furthermore Sain [5], studied the concepts for operator norm
attainment, and Paul [6, 7] in smoothness of linear operators.

This paper discuss orthogonality correlation of Hilbert spaces and Birkhoff-James orthogonality, also
discuss minimum distance on Banach spaces.

Materials and Methods

In this literature-based project, some definitions and theorems are taken from some books and some
articles. Before we discuss the main of this paper, we give some following definitions.

Definition 1 [8, 9, 10] Norm is a real function ||-|| which maps vector space X to non-negative real number such that
the following requirements are satisfied:

a Vx€X|xll<o0
b |lx|l = 0, ifand only ifx = 0
¢ Va €RYx€eX, |ax|| = |a|||xl|l, and
d vx,yeX|x+yll < llxll + 1yl
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Cauchy sequence is not always convergent in a space X. If the Cauchy sequence in X space is
convergent, then the X is complete. Definition 2 describes the convergence of Cauchy sequence in Banach
space.

Definition 2 [8] Banach space is a complete normed space.

Inner product of vector in Euclidean space R" is familiar for us. For our next discussion, it is explained the
concept of inner product that generalized to vector space in definition 3.

Definition 3 [8] Inner product in vector space X maps from X X X to the field K, where each pair vector x and y is
denoted by {x,y) and said ro be an inner product of x and y, such that each vector x, v, z € X and a scalar a satisfy

{(x+y.2)=(x,z)+ (y.2)
{ax,y) =a_<x,y)

(ny) = (y.x)
{x,x)=00r{x,x) =0 x=10

AN =8

In definition 3, we have shown the inner product in a vector space. In the next definition we discuss
a special kind of inner product space.

Definition 4 [8] Hilbert space is an inner product space whose every Cauchy sequence in of is convergent. By other
words, Hilbert space is complete space whose operator is inner product.

Some references [10, 11, 12] called the inner product as pre-Hilbert space. So, it is equivalent to say
that Hilbert space is a complete pre-Hilbert space. The correlation between Hilbert space and Banach space

can be derived from Definition 2 and Definition 4 as shown in this theorem below.
1

Theorem 5 Let X be a Hilbert space and let || x|| = (x,x)2. Then X is Banach spaces.

Next, from Definition 2 and Definition 4 we give some definitions about orthogonality in Hilbert
space and Birkhoff-James orthogonality.

Definition 6 [8] Ler X be an inner product (or Hilbert) space and x, v € X.Ifxand vy satisfy (x,y) = 0, then x and y
are orthogonal or denoted by x 1 y.

Definition 6 told the orthogonality at any pre-Hilbert space. In definition 7 we show a special kind of
orthogonality according to Birkhoff-James that defined on normed space (or Banach space).

Definition 7 [3, 7] Le X, ||-||) be a real Banach space, and x,y € X. Then x and y are Birkhoff-James orthogonal
(denored by x Ly y) if satisfy

x| < llx + Ay|l, VA € R.

An example of the Birkhoff-James orthogonality is given below to enable us to understand the
concept. Euclidean space (R?, ||-||) is also Banach space, where ||-|| is defined by

llxll = 1 Geg, x DIl = ,‘112 +x35x.X; ER

If we take x = (0,1),¥ = (1,0) € R?, then x 1, y.
In definition 8, we give a definition about minimum distance in Hilbert space.

Definition 8 [10] Let K be a nonempty subset in pre-Hilbert space X and let x be an element of X, and x lies not in K.
An element yy € K is called the best approximation, or the nearest point to x from K if
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llx — yoll = d(x, K)

inf

Where d(x,K) = ye K||x -

Y. Thus d(x, K) is the distance from x to K, or the error in approximating x by K.

In definition 8, it is shown the concept of best approximation to a set K from an element outside it.
The uniqueness of best approximation from x to K is guaranteed if K is convex. Ref [11] said that the convex
set is Chebyshev.

Results and Discussion

In this chapter, we discuss the main question: does Birkhoff-James orthogonality stand on both
Banach and Hilbert space? The correlation of definition 2, definition 4 and theorem 5 are shown below:

Theorem 9 Lerx,y € X andx L y. Thenx Ly y where ||x|| = (x,x)z.

1
Proof: Since x and y are orthogonal, then {x, y) = 0. For all 4 € R we define ||x + Ay|| = {x + Ay, x + Ay)z.
Then we obtain:

1
[l + Ayl = (x + Ay, x + Ay)2
o llx+ yll* = (x + Ay, x + Ay)
= (x, x) + (x, Ay} + (dy, x) + {1y, Ay)
= {x,x) + Mx, ¥) + A, x) + 120, y)
={x,x) + A%y, y)
Since ||x + Ay|| = 0 and ||x|| = 0, then
[l + Apll? = [lx|I?
< llx + Ayl = [l
Therefore, x Ly y.
To understand theorem 9, we give an example as shown below.

Example 1 Let u = (x,0),v = (y,0) contained in Euclidean space R?.If {u,v) = u"v, then u and v are
orthogonal according to definition 6. The Birkhoff-James orthogonality as follows:

[l + Av]| = [ICx, 0) + A0, Y|
= [1Ge, Al

= [+ iy

Since A2y% = 0,V y € R, then |lu + Av|| = Vx? + 0 = ||(x,0)|| = [lull. Hence u and v are Birkhoff-James
orthogonal, or it can be written asu Ly v.

Minimum Distance in Banach Space

In this section, we discuss about the theorem of minimum distance in Banach space. Ref [10] proposed
theorem 10, and we generalize it to Banach space.
Theorem 10 Suppose x be a vector in a Banach space X and K is a closed convex subset in X, then

llx = koll < [lx — kI
ko € K is a unigue vector for all k € K. Furthermore, a necessary and sufficient condition that kg be the unique
minimizing vector is (x — ko, k — kg) < 0,vk € K.

Proof: To prove the existence, let {k;} be a sequence in K such that

inf
lbe = kell > 8 = " lx =Kl
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By the parallelogram law,

ki + kj)|°
=t = 2 =12 + 2l o] a [ - 252

. . Ttk
Since K is convex and k;, k; € K, then ~—I € K. Hence

2
k;+kj
) s
[=="=¢

And therefore

] , ki +k)1°
|k = k;||” = 2lIk; —xI1* + 2||k; — x| ‘4||x_ i2 J”
< 2llk = x| + 2]}k — x||° — 467 > 0

Then {k;} is Cauchy sequence, and it is convergent to k; € K. In other words, by continuity we obtain that
llx — koll = 5.

Next, to show the uniqueness, suppose there is k; € K with ||x — k|| = §. The sequence
k. = [Rg, n odd
T kg, n even

Also convergent with |[x — k|| = &. Hence if k, = k, attained, then {k;}is Cauchy and convergent.
For the last, we prove that if k; is the unique minimizing vector, then

(x — kg kk—ky)<0
For all k € K. Suppose the contrary: there is a vector k, € K where {(x — kg, k; — k) = £ > 0. Consider the
vectors k, = (1 — a)k, + ak,, with 0 < a < 1. Since K is convex, each k, € K. Also
llx = kell? = 111 = @) (x = ko) + a(x = ky)||*
= (1— a)?llx — koll? + 2a(1 — a){x — kg, x — ky) + a®lx — k,||?

At @ = 0, the function ||x — k,||? is differentiable that equal to

dy
ol kall*la=o = —2llx — koll” + 2{x — ko, x — ki)
= —2{x — kg, ky —ky) = -2 <0.
Thus for any small positive @, then ||x — k|| < ||x — kyl| that contradicts to the minimizing property

of k,. Hence, there no exist k,. Conversely, suppose that k, € K is such that {x — k,,k — ky) <0 forallk €
K. Then for any k € K, k # ky, we have

llx — klI* = llx — ko + ko — KlI?
= llx — kol + 2(x — ko, ko — k) + llko — klI* > Ilx — koll?

From theorem 10, we have shown that condition {(x — k,,k — k,) = 0 satisfies the Birkhoff-James
orthogonality.

Theorem 11 Condition (x — ko, k — ko) = Qin theorem 10 satisfies the Birkhoff-James orthogonality with ||x|| =
{x,x)%.
Proof: Let (x — ky), (k — ky) € X. Forall 1 € R, we define

l1Cx — ko) + Ak — ko)l = ((x — ko) + Ak — ko), (x — ko) + ACk — ko).
Then we obtain
1CGx = ko) + ACk — ko)ll = (Cx = ko) + Ak — ko). (x — ko) + Ak — ko))%
o lx — ko) + Ak — ko)lI* = {(x — ko) + Ak — ko), (x — ko) + A(k — ko))
={(x —kg), (x — ko)) + ((x = kg), Ak — ko)) + (Ak — ky), (x — ko)) + (A(k — kg), A(k — ko))
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= {(x — ko), (x = ko)) + A{(x — k), (k — ko)) + A((k — k), (x = ko)) + 2((k — ko), (ke — ko))
={(x — ko), (x — ko)) + 22{(k — k), (k — ko))
= {(x — ko). (x — ko)) = Il (x — ko)lI?

Since ||(x — ko) + A(k — k)|l = 0 and || (x — kg)|I? = 0, then

I Gx = ko) + A(k — ko)lI* = [1(x — ko) I?
< lIGx = ko) + Ak = ko)l = [1(x = ko)l

Therefore, condition {(x — ko), (k — kq)) = 0 satisfies the Birkhoff-James orthogonality. We need a
further discussion about the Birkhoff-James orthogonality for {(x — ko), (k — k¢)) < 0.

Conclusion

After some discussions, we have the conclusion below

1. Correlation of Hilbert space and Birkhoff-James orthogonality have been found in theorem 10.

2. The minimum distance condition {((x —kg),(k — kg)) =0 satisfies in the Birkhoff-James
orthogonality.

3. For condition {(x — k;), (k — ky)) < 0, set this problem as an open problem for further discussion.

References

[1] L. Arambasic and R. Rajic, "The Birkhoff-James Orthogonality in Hilbert C*-modules," Linear
Algebra, vol. 437, pp. 1913-1929, 2012.

[2] L. Arambasic and R. Rajic, "A Strong Version of the Birkhoff-James Orthogonality in Hilbert C*-
modules," Annals of Functinal Analysis, vol. 1, pp. 109-120, 2014.

[3] T. Bhattacharyya and P. Grover, "Characterization of Birkhoff-James Orthogonality," Journal of
Mathematical Analysis and Applications, vol. 407, pp. 350-358, 2013.

[4]  P. Grover, "Orthogonality to Matrix Subspaces, and a Distance Formula," Linear Algebra, vol. 445,
pp. 280-288, 2014.

[5] D. Sain, K. Pauland S. Hait, "Operator Norm Attainment and Birkhoff-James Orthogonality," Linear
Algebra, vol. 476, pp. 85-97, 2015.

[6] K. Paul, D. Sain and P. Ghosh, "Birkhoff-James Orthogonality and Smoothness of Bounded Linear
Operators," Linear Algebra, vol. 506, pp. 551-563, 2016.

[71  P.Ghosh, D. Sain and K. Paul, "On Symmetry of Birkhoff-James Orthogonality of Linear Operators,"
Advance in Operator Theory, vol. 4, pp. 428-434, 2017.

[8] E. Kreyszig, Introductory Functional Analysis with Applications, New York: John Wiley & Sons,

Inc, 1978.

[9]  A. Dax, "The Distance between Two Convex Sets," Linear Algebra and its Applications, pp. 184-213,
2006.

[10] A. Iske, Approximation Theory and Algorithms for Data Analysis, Switzerland: Springer Nature
Switzerland, 2010.

[11] D. G. Luenberger, Optimization by Vector Space Methods, New York: John Wiley & Sons, Inc, 1969.
[12] F. Deutsch, Best Approximation in Inner product Spaces, New York: Springer Verlag, Inc, 2001.
[13] J. Weidmann, Linear Operator in Hilbert Spaces, New York: Springer-Verlag New York, 1980.

EKSAKTA | journal uii ac id/eksakta 128 August 2020, Volume 1, Issue 2, 124-128




Finding Minimum Distance on Birkhoff-James in Banach Space

ORIGINALITY REPORT

18, 8. 176 A

SIMILARITY INDEX INTERNET SOURCES PUBLICATIONS STUDENT PAPERS

PRIMARY SOURCES

Submitted to Australian National University 1
Student Paper %
.bme.hu
IEw)tErnet Source 1 %
Submitted to Manchester Metropolitan 1 o
University °

Student Paper

-~

journaIofinequalitiesandappIications.springeropen.c‘:g}w
0

Internet Source

o

P.-A. Absil, André L. Tits. "Newton-KKT 1 o
interior-point methods for indefinite quadratic ’
programming", Computational Optimization

and Applications, 2006

Publication

Jacek Chmielinski, Divya Khurana, Debmalya 1 o
Sain. "Local Approximate Symmetry of ’
Birkhoff-James Orthogonality in Normed

Linear Spaces", Results in Mathematics, 2021

Publication




Yuanyuan Liu, Fanwei Meng. "Stability
Analysis of a Class of Higher Order Difference
Equations", Abstract and Applied Analysis,
2014

Publication

T

"Functional Analysis", Springer Nature, 2003

Publication

(K

Debmalya Sain. "Orthogonality and
smoothness induced by the norm
derivatives", Revista de la Real Academia de
Ciencias Exactas, Fisicas y Naturales. Serie A.
Matematicas, 2021

Publication

T

JULIO BECERRA GUERRERO. "Banach spaces
whose algebras of operators have a large
group of unitary elements"”, Mathematical
Proceedings of the Cambridge Philosophical
Society, 01/2008

Publication

T

Ljillana Arambasic, Rajna Rajic. "On Birkhoff -
James and Roberts orthogonality", Special
Matrices, 2018

Publication

T

Sohrab, Houshang H.. "Normed and Function
Spaces", Basic Real Analysis, 2014,

Publication

T




Yuri C. Sagala, Susilo Hariyanto, Y. D.
Sumanto, Titi Udjiani. "The distance between
two convex sets in Hilbert space", AIP
Publishing, 2021

Publication

T

B

dspace.library.uu.nl

Internet Source

(K

Annaby, M.. "Sampling in Paley-Wiener spaces

. . S . . <l%
associated with fractional integro-differential
operators", Journal of Computational and
Applied Mathematics, 20041001
Publication

Ryotaro Tanaka. "Nonlinear equivalence of <1 o
Banach spaces based on Birkhoff-James ’
orthogonality", Journal of Mathematical
Analysis and Applications, 2021
Publication
Submitted to University of New South Wales

Student Paper y <1 %

Aoi, H.. "On the normalizing groupoids and <1 y
the commensurability groupoids for ’
inclusions of factors associated to ergodic
equivalence relations-subrelations”, Journal of
Functional Analysis, 20061115
Publication

Pawet Wojcik, Ali Zamani. "Orthogonality <1 o

Hilbert -modules and operators preserving



multi--linearity", Linear and Multilinear
Algebra, 2021

Publication

Jacek Chmielinski, Justyna Sikorska, Pawet
Woijcik. "On a $$\rho $$-Orthogonally Additive
Mappings", Results in Mathematics, 2020

Publication

<1%

Submitted to KTH - The Royal Institute of
Technology

Student Paper

<1%

Ljiljana Arambasic, Alexander Guterman,
Bojan Kuzma, Rajna Raji¢, Svetlana Zhilina.
"Orthograph related to mutual strong
Birkhoff-James orthogonality in $$CA*$$-
algebras", Banach Journal of Mathematical
Analysis, 2020

Publication

<1%

Mukherjea, A., and K. Pothoven. "Hilbert
Spaces", Real and Functional Analysis, 1978.

Publication

<1%

T. BOTTAZZI, C. CONDE, M. S. MOSLEHIAN, P.
WOJCIK, A. ZAMANI. "ORTHOGONALITY AND
PARALLELISM OF OPERATORS ON VARIOUS
BANACH SPACES", Journal of the Australian
Mathematical Society, 2018

Publication

<1%

dokumen.pub

Internet Source

<1%




export.arxiv.org

Internet Source

<1%

Dan Ding,Ji.njin.Liu, I\/quo Li, Laiyou Liu. <1 o
"Double Switchings Reliable Control of
Positive Switched Systems With Unfixed
Actuator Faults", IEEE Access, 2020
Publication
.Schul'le.rus., G.. "Input signa'l design for <1 o
identification of max-plus-linear systems",
Automatica, 200606
Publication
arxiv.or
InternetSour%e <1 %
Farsi, C.. "An orbifold relative index theorem", <1 o
Journal of Geometry and Physics, 200707 ’
Publication
Geovani Nunes Grapiglia, Ya-xiang Yuan. "On <1 y
the complexity of an augmented Lagrangian ’
method for nonconvex optimization", IMA
Journal of Numerical Analysis, 2021
Publication
¥ SM. Fadali. "Online Estimation of Dynamic <1 o

Bayesian Network Parameter", The 2006 IEEE
International Joint Conference on Neural
Network Proceedings, 2006

Publication




Yu Shao, Chenxu Jiao, Suhuan Zhang, Junfeng
Zhang. "Event-Triggered Filter of Switched
Positive Systems with State Saturation", 2020
7th International Conference on Information,
Cybernetics, and Computational Social
Systems (ICCSS), 2020

Publication

<1%

Exclude quotes On Exclude matches Off

Exclude bibliography On



Finding Minimum Distance on Birkhoff-James in Banach Space

GRADEMARK REPORT

FINAL GRADE GENERAL COMMENTS

/ ’I OO Instructor

PAGE 1

PAGE 2

PAGE 3

PAGE 4

PAGE 5




