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Abstract. Function of bounded variation of one variable was first introduced by Camille Jordan in 1881. Functions of
bounded variation is a function with finite variation. The method used in this research is literature study, namely by
studying and understanding about the concept of function of bounded variation in [, and then expand the concept into the
space R*. This study aims to complete the evidence of the properties of a function of bounded variation of two variables.
The results obtained from this study are that each the function of bounded variation of two variables is a finite function.
This research also discusses the relationship between the function of bounded variation and monotonous functions. The
function of bounded variation of two variables is also the finite function in each sub square subset of R%. Each variation
of the function of bounded variation can be expressed as the sum of its sub-squares.

INTRODUCTION

One of the basic concepts in mathematical analysis is function. Given two non-empty sets A and B, a function
from set A to set B is the mapping of each member of set A with exactly one member of set B. The function of set 4
to set B is denoted by f: 4 — B.

The study of functions is increasingly developing along with the large number of studies conducted by
mathematicians. One of the topics of functions being developed is bounded variation functions. Bounded variation
functions of one variable were first introduced by Camille Jordan in 1881.

After Camille Jordan studied bounded variation function of one variable, many researchers who studied bounded
variation functions of two variables, among them Clarkson and Adams [1] have discussed seven definitions of
generalization bounded variation function for two variables. From these definitions, there are two definitions used in
this study. The two definitions are known as the Vitali variation and the Hardy-Krause variation, this concept
previously discussed by Owen [4]. Adams and Clarkson also discussed the properties of a bounded variation
functions for two variables [2]. In addition, Azocar et al. Also discussed the space of bounded variation functions of
two-variables with square domain in space R? [3]. In 1994, Dariusz Idczak [5] also studied the bounded variation
function for several variables and their differentiability. This research is discussed in space R? with interval function
domain [0,1] X [0,1] = {(x,y) ER?: 0 < x,y<1}.

In this study, the authors aim to examine definition of the variation of the function in a non-empty square subset
of R? and complete the evidence for the properties of a bounded variation function for two variables.

PRELIMINARIES, BACKGROUND, NOTATIONS

We start with some of the definitions used in this study. The first one describes the bounded function, bounded
variation function of one variable and the partition of an interval.
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Definition 2.1 [6] Let A is a set. A function g: A = R is said to be bounded to A if there is a constant K > 0 such
that |g(x)| < K forall x € A.

The partition of an interval is defined as follows.
Definition 2.2 [8] The partition of an interval [a, b] is a non-overlapping collection of P = {1, 1, ..., I, } whose the
union is the interval [a,b]. The n-th partition of the interval [a, b] can be written as I, = [x,_,, x,,| where a =
X <Xy < Xp < < Xy = b

From the above definition, it can be defined the variation of functions and bounded wariation function of one
variable.
Definition 2.3 [8] Given a finction f:[|a,b] = R and [u,v] € [a, b].. The variation of the function [ on [u,v] is
denoted by V(f, [u, v]) and is defined as follows

n

V(f,[wv]) = sup Z|f(xi) — f(x;i—llx: 1 < i < n partition of [u, v] (1)
i=1
Where the supremum is taken from all possible partitions on [u, v]. The function f is said to be bounded variation
Sunction if V(f,[u, v]) < oo,
Next, we examined the relation of bounded variation functionand the monotone function.
Theorem 2.4 [7]
e Iff is increasing on [a, b], then f is of bounded variation on [a,b] and V(f,[a,b]) = f(b) — f(a).
e [ff is increasing on [a, b, then f is of bounded variation on [a,b] and V(f, [a, b]) = f(a) — f(b).
Furthermore, it is explained the theorem which states that each bounded variation function of one variable is also
bounded to each subinterval and the value of the variation can be expressed as the sum of the variations of each
subinterval.
Theorem 2.5 [7] Given a function f:[a, b] = R, and let ¢ € (a, b). If a function f is bounded variation in [a, c] and
[c, b], then f is bounded variation in [a, b] and
V(f,[a b]) =V, [a,c]) + V(f, [c,bD. (2)
Research of bounded variation function begins with understanding the definition of a partition in space RZ,
Taken any square I? = I x | subset of space R? where I = [x,,x,] and] = [y,, y,] interval in R with x, < x, and
Vi < Vy,and @ = (x,y;), b = (x3,¥,) vector in R2.
Definition 2.6 [1] Partition of square 12 ¢ R is defined by
Q = {[tu tipa] X [s,574]|i = 1.2,..., mdan j = 12, ...,n}, (3)
where {tili =12,..m}isa partition of interval 1, and {S;- | j=12, .., n} is a partition of interval J.
Suppose that P(I) represents a collection of all partition of interval I, then {t;|i = 1,2, ...m} € P(I), and P(J)
represents of all partitions of interval J, then {S;'Ij =12,.., n} € P(]).
If we define function f:I? — IR, then it applies
Awf{tiﬂ» 3;'+1) = f{tin» 3;'+1) - f{ti» 3;'+1)»
Ao1f{ti+1»3;'+1) = f{tin» 3;'+1) - f{tin» 5; )» 4
By f(tips Sj41) = (f{ti+1x Sp+1) = f(tiens Sj)) - (f{ti:SHl) - f(t 3;'))-
From the definition of partitions in space R? above, it can be further defined that variation functions and
bounded variation functions in space RZ.
Definition 2.7 [3] Given a function f:IE - R, and y € | be fixed, then the Jordan variation of the function
fC,¥):I - R is defined by
= 5)
V:{f(-»}')) = sz}; Z [Arof tivr, VI
i=1

Where supremum is taken from all partition of P(I) = {t;|i = 1,2, ..., m} in interval I, and
For any x € I be fixed, then the Jordan variation of the function f(x,.):] = R is defined by
—1

X (6)
]"_:{f(x, )) = sup Z Iﬂmf(x» 3;'+1)|»
PU) =
Where supremum is taken from all partition of P(]) = {S;- | j=12,.., n} in interval |, and
So, the total variation of the function f is defined by
TV(f, 1) = Vi(f(.¥) +V;(f(x,.)) + Vs (). (7)
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The function f is said to be bounded variation function if the total variastion of the function f is finite, or
TV(f,1E) < oco. (8)
The set of the bounded variation function of 12 is denoted by BV(I2).

MAIN RESULT

In this research we discuss about the properties of the bounded variation function of two variables and we give
the proofs. First, we examined the relation of bounded variation function with bounded function.
Theorem 3.1 Let the function f:I2 — R be bounded variation in 15, then f be bounded in IZ.
Proof. we know that f be bounded variation in I2, then
TV, 2) = Vi(FC) + V,(F06)) + V()
=M+K+N <o, (9)
we will proof that f be bounded in I2.
1. for V,(f(.,y)), there exist M > 0 such that |f(t,y)| < M, forevery t € [ = [x,%,], we get
If(t.y) — Fen VI + 1fG,y) — FE W < Vi(FCLy), (10)
where [f (x1, )| and |f (xz, ¥)| be bounded on I = [xy, x3]. Such that
FEN=1f(ty) = fC0,y) + fx, )
S If6y) = O I+ 1 Cen Y|
<If(6y) = fG I +1f (63 = f I+ [f e, D+ 1f (e, 2
= V:{f(-:}')) + 1f G, )+ 1f (e, )l
=M < oo, (11)
2. for V_,(f(x, .)), there exist K > 0 such that |f(x, s)| < K, for every s € ] = [yy, 2], then the next step is
similarity with point 1.
3. for VIg(f), there exist N > 0 such that |f (¢, s)| < N, forevery (t,s) € IZ = [x1,x5] X [y1, ¥2], we get
|f(t, s)— {f(xv}'z) - f(xv}ﬁ))l + (2 y2) — fey1)) — f(Ls)] < V;g(f)» (12)
where |f (1, V) I, |f Gen, v2)l. | f(x2, y1) | and | f (x2, y2)| be bounded on IZ = [xy, x,] X [yy, ¥2]. Such that
(&)l = |fts) = (f(xr,2) = fOeny) + (F(en y2) = F G v)|
= If(t, s) — {f(xv}'z) - f(xv}ﬁ))l + I{f(xv}'z) - f(x1:}'1))|
= If(& s) — (f(xv}'z) - f(xv}ﬁ))l + If(& s) - (f(xzx}'z) - f(xzx}ﬁ))l + I(f(xp}'z) - f(xp}ﬁ))l
HI(f Gz y2) — f 0]
= V;g(f) + I{f(xv}'z) - f(xv}ﬁ))l + 1(f Gz, ¥2) = £ (x2, y))|
=N < oo, (13)
from point 1, 2, and 3 it can be concluded that
fe, ) =M+ K+N < co. (14)
for every x,y € 12 = [x;,%,] X [V1,¥2]. So we get that f be bounded.
for the next we will discuss the relation between the bounded variation function and monotonous functions. We
defined the functions f:I2 = [xy,x,] X [y1, ¥2] = R is the strictly increasing functions if f(.,y): [x;, x2] = R is
increasing for any v € [y, o] and f(x,.): [¥1, ¥2] = R is increasing for any x € [xy,x5].
Theorem 3.2 If the function f is strictly increasing in 15, then the function f is bounded variation in 12 and
4. Vi(f()) = fle,y) =[x, y),
5. V(f(x.)) = fGy) — fOx),
6. V;g(f) = {f(xzx}'z) - f(xzx}ﬁ)) - {f(xv}'z) - f(xv}ﬁ))- (15)
Proof.
1. We have the function f is strictly increasing in I2, its meaning that for every y € J = [v;,v2]. f(.,y) is
strictly increasing in interval I = [xy, x;] then for every ¥ € | = [yy, 2], so that

Vie o) (f 2 3)) = f (22, ¥) = f (20, 9), (16)
Let {t;[i = 1,...,m} be a partition in interval I with t; < t;; and t; = x; also t;; = x3, we get
m—1 m—1

D sof G = D 1f (tny) = f(E07)]
i=1 i=1
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=1f () = feu DI+ If (3, ) = e, M+ =+ [t y) = f(tn_1, V)] (17)
Therefore t; < t;,, and f is increasing so f(t;,¥) < f(t;.,,¥) fori = 1,2, ..., m. Consider,
f(tiv,y) = f(tyy) > 0
[f(tivr, ) = fta Y = ftivn, ¥) — f (L0, ¥). (18)
Because the function f is strictly increasing in I2 danx;, = t; < t, < -+ <t,, = x5, then
m-1
V:{f(-:}')) = Sp‘é})j Z [As0f (tivr VI

rn 1

=sup Z If (Civr, ) = £ )]

|f(32:}') f(fv}')l + |f(33:}') f(fzx}')l + ot If(trmy) f(tm lxy)l
= fltey) = ft,2) + f(t5,9) = f{ta, ) + -+ [t ¥) = [ (-1, ¥)
= fltmy) — f(t1,¥), (19)
Notice that t; = x4 and t,,, = x,, such that
Viltf () = fxy) — fx09). (20
So, we get V,(f(.,¥)) = f (x5, ¥) — f(x1,y) < oo, then V,(f(.,y)) bounded in I?.
2. Similarly, if f strictly increasing in interval | then
Vi(f (%)) = fx,y2) = F(x31) (21)
3. We have the function f is strictly increasing in IJ, its meaning that for every x,,x,,y,, ¥y, €15 =
[x,, x5] % [y, ¥,]. the function f is increasing in I then for any x;, X5, vy, V2 € 12 = [x,x,] X [y, .1, we
have
V;g(f) = {f(xzx}'z) - f(xzx}H)) - {f(xv}'z) - f(xv}H))- (22)
Let Q = {[ti, Liy1] X [S;-, Sj+1]|i =1,..,mdanj =1, ,n} be a partition in IZ with {ti, S;-) < (ti+1,Sj+1) and
ty = x4, tm = X3,51 = yq.also s, = yz,we get

2. Z aaf sl = D, D |(F Curasion) = F(tin5)) = (£t 5700) = £(005)|
" = I{f(fzjsz) f(;fz, 31)) {f(fb s2) + f(ty, 31))| (23)

+|{f(33»33) = fts, 32)) - {f(tzx 53) + f(tzxsz))l +

+|{f(trm Sl‘l) - f(tml Sn—l)) - {f(tm—ll Sl‘l) + f(tm—llsn—l))l'
Because of {ti,sj) < (tiy1,8+1) and  f is increasing then f(t;,s;) < f(ty1,8;44) for i=12,..,mand j =
12,...n

So,
(f{tin, sp+1) = f(tira, Sj)) - (f{ti,S;'n) - f(t Sj)) >0
I(f{fin» Sp+1) = (s Sj)) - (f{fixs;'n) - f(t, Sj))l
= (f{ti+1xs;'+1) - f{ti+1xs;')) - (f{ti: Sj+1) = f{tixs;'))- (24)
Consider that f is increasingin I and x; = t; < t, < <t, =xyalsoy; = 5, < 5, < - < 5, = y,. We get
m-1n-1
V;g(f) = Sgp Z Zlﬂuf{tin» 3;'+1)|
i=1 j=1
m-1n-1
— SUP Z Z I f{t1+11 ;+1) f{tﬁlx ;)) ( (ti' SJ:+1) _f(ti' S;'))I
i=1 j=1

= I{f&z, 52) — f(fzx}ﬁ)) {f(xb 5) — f(xv}ﬁ))l I{f(fm 53) — f(33,32)) - {f&z, s3) — f(ta, Sz))l +
+|(f(x2»}'2) — flxy, Sn—l)) - (f(tm—v}'z) — [t Sn—l))l
= f(ty,55) = [ty y1) = fxy, 550 + [, 1) + fts,85) = fts,5,) = f(ty,85) + [ty 55) + - (25)
+{f(x2:}'2) - f(xzjan)) = fltm=1, y2) + f(tmo1,8n-1).
therefore t; = xq, t;, = X2, 51 = Y. and s, = y3, 50

V;g(f) = {f(xzx}'z) - f(xzx}ﬁ)) - {f(xv}'z) - f(xv}ﬁ))- (26)
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We have V,g(f) = (f(xz,yz) - f(xz,y1)) - (f(x1,y2) - f(x1,y1)) < oo, then V,g(f) bounded in I2.

Next, the theorem is presented which states that if a bounded variation function to an interval, then the variation
is bounded to each subinterval and the variation of its function can be expressed as the sum of the variations of each
subinterval.

Theorem 3.3 Let the function f:12 - R, y € ] be fixed and f(.,y):1 =[x, %] = R’ let ¢ € [x;,%;]. If f(.,¥)
bounded variation in [x,, c| and [¢,x,], then f(.,y) is bounded variation in [x,,x,] and

VIU(JJ’)) = V[xl.c](f) + V[c.xz](f)' [2.”
Proof. Taken any partition P(I) = {t;|i = 1,..,m} in interval I = [x;,x,], let ¢ € [x;,x,] and t,_; < ¢ < t, for
k €{1,2, ..., m}, such that

m-1 m-1
D sof (sl = ) 1f€ny) = £ €
i=1 i=1

k-2 m-—1
= D €)= FCDI+ 1f ) = fCr DI+ D 1 ) = £ 9)]
i=1 i=k

k-2 (28)
= D ) = FCdI+ If Co) = @) +£(€9) = f(tir, )|
i=1

m—1

+ D 1 ) = ).
i=k

therefore t,_; < ¢ < ty, so
k-2 (29)
< D 1) = FED+IFE3) = (b DI+ 1t ) = Fle )]
i=1
m-1
+ D 1t y) = FED)l:
i=k

Because the partition {ty,t; ..., tx_q, ¢} lies at interval [x;,c] and the partition {c, ty, tytq, ..., tm} lies at interval
[, x2], such that

k-2 (30)
< D ) = FED+IF3) = [t DI+ 1 € ) = F@ )]
i=1
m—1

+ D 1t y) = FED)l:

i=k
So, for any partition P(I) = {t, t3, ..., tm} inI = [xy, x;], and for every y € | = [yy, y] satisfy
Vet (F G YD) S Vi, (£ 6 9) + Vi, (G 9))- (31)
Furthermore we will be shown Vi, 4 (f (., %)) + Vi, (FCL 3)) < Vi(F(L9)).

Taken any partition P,(I) = {t,,t;, ..., t;} in [xy,c] and the partition P,(I) = {ry, 15, ...,11} In [c,x;]. then
PNV P,(I) = {ty, ty, oo, ty, 1,15, .., 1y} where t,,1,=c. So, P(NDUP() ={x;, =t,ty, ..., =1, =
€, 73, .., 1 = Xz } be apartition in I = [x;,x,] and apply that

k-1 -1

i=

B0 (tirs 9] + D Isof (g, )]
1 i=1

k-1 -1
= D ftwr) = FEN |+ ) 1f (i) = f G0
=t ke+l-2 =t
= > Uftny) — fe)
i=1
< V(fC.y) (32)

Therefore for any partition Py (I) = {ty,t3, ..., ty} on [x1,¢] and P;(I) = {1y, 14, ..., 11} be partition on [c, x;]
satisfy that
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k-1 -1 (33)
Z [Ayof (tivr, Y+ Zlﬂmf("in»}')l = V:{f(-:}'))-
then = =
V[xl.c](f('l y)) + V[c.xz](f('ly)) < V[xl.xz](f(-xy)): (34)

So we get VI (f(;y)) = V[xl.c](f('ly)) + V[c.xz](f('ly)) and V[xl.c](f('ly)) + V[cxz](f('ly)) = V;(f(;y)), then
Vitf (5 9)) = Vi, et (F D) + Viea ) (F G D)
Because Vix, (f (-, ¥)) < o and Viex,1(f (-, ¥)) < o0 then Vi(f (., ¥)) = Viuy, ) (f (L D) + View,) (F (L 3)) < o0,
so f(.,y) be bounded variation in I = [x, x,] for any y € [y, y-].
Theorem 3.4 Let the function f:17 - R, x € I be fived and f(x,.):] = [y, v.] = R, let d € [y, y,]. If f(x,.)
bounded variation on [y,,d] and [d, v,], then f(x,.) is bounded variation on [y, v,] and
Vi(f(x,.)) = Viy, o) (F (x,0) + Vigy ) (F (x, ). (35)
Proof. The proof of this theorem similarly with the theorem .
Theorem 3.5 Given a function f:17 - R, let (c,d) € 12 = [xy,x,] X [y1,y2). If the function f be bounded
variation on I, = [x;,¢] X [y, d], L = [x;, ¢l % [d,y;], I3 = [e,x5] % [v;,d] and 1, = [¢,x,] x [d,v,], then the
function f be bounded variation on IY and
Vie(F) =V, (f) + Vi, (f) + Vi, () + Vi, (). (36)
Proof. Taken any partition {[ti, tipq] % [3;'»3;'+1]|i =1,..,mand j=1, ,n} in 12 =[x, %] X [y, ¥2], let
(c,d) €17 =[xy, %3] X [y1, V2] and (ty_y, 5,_1) < (¢, d) < (5,,,ty). for any k € {1,2,...,m} and w € {1,2, ..., n},

such that
—1n

E

1 m-1n-1

> 1813/t 5720)] = Z}]fmﬂ%n f (i) = (F(to5701) = £(t05)|

|(f(cm j41) = Fltin5)) = (F(t05101) = £ (t05))|
0 Sw) = [ (ty, Sw—l)) - {f(tk—llsw) - f(tk—1»3w—1))|
|(F (b 5141) = £ (tia25))) = (£ (80 540) = £(205)))|

L

I
=
I

I
=
|
¥
5
o

it
_——
o =
|
,_,z-s.-n

+
g

TT
N
Net
N§

ZZ Fltirsi1) = £t ) = (F(u5iaa) = £(809))|

+|{f(£‘, d) = f(c, s, 1)) {f(tk—l d) = f(ty_y, Sw—l)) + (f(c sw) — f (e, d)) {f(tk—v Sw) = f(tg_ys d—))
+ {f(tk» d) — f(thsw—ﬂ) - {f(C, d)— f(c, Sw—l)) + {f(tk» Sw) — [ty d—))
= (fle,sw) = fle, D))
m-1n-1 [3-”
+ Z |(F(tirsr50) = £ (b)) = (F (o 5700) = £(805) )|

l
Therefore (ty 1, Sw— 1)

TAT
Nr-\*'

) < (S, L), then
= L. ¢ I(f{tin, S;'+1) - f{tin, Sj)) - {f{fi, S;'+1) - f{fi, S;'))I

+|{f(0, d) - f(c, 3.1,-—1)) - {f(tk—v d)— f(tk—llsw—l))l
+|{f(£‘, sw) — f(c, d—)) - {f(tk—v Sw) = f(te—1, d—))l
+|{f(fk d) = f(ty, Sw—1)) - {f(C, d) - f(c, Sw—l))l
. +|(f(t sw) = [t d)) = (f(e,s) = f e, d))]

+ f{ti+1x Sje1) = f (tivn, Sj)) - (f{fi: Sj1) — f{ti,S;-))I

i=k j=w

..n

n

(38)

Because the partition
Q, = {ty, ty, o ty_y, €} X {S1, 53, ., 5,_ 1, d} lies at interval [} = [x;, ¢] % [yy, d]
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Q; = {ty, ty, oty €} X {d, S, Syp1r —-r S} lies at interval I, = [x;, ¢] % [d, y»],
Qs = {¢, tyrrrtiyzr o tnd X {51, S, s Sy, d} lies at interval Iy = [¢, x,] % [y, d],
Qy = {c, typitipar b} X {d, Sys Sypy1s -, Sp ) lies at interval I, = [c, x,] % [d, y5].

Then,
= I(f(twl 1) = f(tives Sj)) - {f(ti: siv1) — f(to S;'))I
i=1 j=1
+|( (c,d) — f(c, 5 1)) (f(tk 0 d) = f(te—1,5,- 1))'
+|(f(c sw) — flc d—)) (f(tk 8w) = [ty d—))l

=
|

[¥]
=
N

I(f(tin» Sje1) = f (tivn, Sj)) - (f(tixs;'n) - f(t Sj))l

+
D1

Il
|-

i-l“ﬁ.
=z
N+

£

+

L I(f(taﬂ +1) - f(tiﬂ )) - (f(ti S;'+1) - f(ti Sj))l

+|(f(tk d) = f(ty, Sw- 1)) (f(c d) — f(c, sw- 1))'

+H(f (tesw) = f(te D) = (F(e,50) = f (e, D))
m-1n-1 [39]

£ 3 |(FCeiwnrsind) = £t ) = (F (e 572a) = £(805)))|

i=k j=w

..n

So, it is for arbitrary partitions

Q = {[ti.tisa] X [, 5744][i = 1, ....mdanj = 1,...,n} in 12 = [xy, 5] X [y1, y2]. satisfy
Ve () < Vi, () + Vi, () + Vi, (F) + Vi, ().

Next, will be shown that V; (f) +V,,(f) +V,,(f) +V,,(f) < V;g(f)‘

Taken any partition Q, = {t;, t5, ...t} X {S1, 55, ..., 5, } on I} = [x;,c] X [y, d], parttition @, = {t;,t,, ...t} X
{ug, uy, e ug} on I, =[xy, ¢l X [d, y,]. partition Q3 = {ry,75,...,11} X {5, 55, ..., 5,,} on I3 = [c,x,] X [3;,d]., and
partition Q3 = {1y, 13, ..., 11} X {u1,u2, . uq} only = [c,x3] % [d, y2], then

Q1 UQU QU Qy ={ty, by, bty 1y, 1y oo, 11} X {84, Sp, ) Sy Ug, U, oo, Uy | Where £y, 7y = ¢ and s, u; = d.
Such that

Ql U Q?. U QB U Q4 = {tlj ty, ..ty =11 =C, 1y, -"JT.'.} X {511 S2, Sy = UL = d! Uz, -"Juq}

be partition in 12 = [xy, x,] X [v4, 2] and apply that

TZ:leaﬂf (tisnspa0) | + zilaﬂf (twuyad)| + z tzzlaﬂf (risnsa1)| + : :|A11 ()|
) Z |(£Ctin,5722) = f (2. 5)) = (£t 52) = (805 )|
+ 5 (1 Carntye2) = Ftirn) = (£t 1) — F(e0)|
+Z [ Cuvs5702) = £ ) = (o 5:02) = £5)|

=

)
2,

+

[VJ

£ I(f(l‘ln u;+1) f(rl+1 u;)) (f(ri,ujﬂ) — f(ri, u;))l

Jrzi-a2wizg—4 (40)
= Z Z I(f(tin» Sisr) = f(tisas Sj)) - (f(ti, Sj11) — f(ti,s;-))l_

Therefore for any partition @, on I, partition Q; on I,, partition Q5 on I3, and partition Q, on I, satisfy
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V() + Vi, (A + Vi, () + V,(f) < V;g(f)- (41)
Because that we get Vig(f) sV, (O +V, (D + Vi, (N +V,(f) and V, (f) + Vi, () + V() +V,(f) =
Vip (f), then
Vs () = Vi, () + Vi,(f) + Vi, () +V, (F) (42)
Notice that V; (f) < 0, V},(f) < o0, V. (f) < o0, and V}, (f) <  so we can conclude that V;g(f) =V, () +
Vi, (F) + Vi, () + V1, (f) < o, so f be bounded variation on L.

CONCLUSION

Function of bounded variation of space R? is the development of function of bounded variation to space R. The
concepts developed are partition, definition and properties of function of bounded variation. The proof regarding the
properties of function of bounded variation in space R? is carried out in the same way as in space R. Every of
function of bounded variation is a finite function. This study also discusses the relationship between a function of
bounded variation and a monotonic function, an increasing monotonic function can be expressed as the difference
from the end point of the interval. A function of bounded variation of two variables is also a finite function on each
subset of the R?. Each variation of the function of bounded variation can be expressed as the sum of each of its sub-
squares.
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