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Groups containing locally maximal

product-free sets of size 4

C. S. Anabanti

Communicated by I. Ya. Subbotin

Abstract. Every locally maximal product-free set S in a
finite group G satisfies G = S ∪ SS ∪ S−1S ∪ SS−1 ∪

√
S, where

SS = {xy | x, y ∈ S}, S−1S = {x−1y | x, y ∈ S}, SS−1 = {xy−1 |
x, y ∈ S} and

√
S = {x ∈ G | x2 ∈ S}. To better understand

locally maximal product-free sets, Bertram asked whether every
locally maximal product-free set S in a finite abelian group satisfy
|
√
S| 6 2|S|. This question was recently answered in the negation by

the current author. Here, we improve some results on the structures
and sizes of finite groups in terms of their locally maximal product-
free sets. A consequence of our results is the classification of abelian
groups that contain locally maximal product-free sets of size 4,
continuing the work of Street, Whitehead, Giudici and Hart on the
classification of groups containing locally maximal product-free sets
of small sizes. We also obtain partial results on arbitrary groups
containing locally maximal product-free sets of size 4, and conclude
with a conjecture on the size 4 problem as well as an open problem
on the general case.

1. Introduction

Let S be a non-empty subset of a finite group G. Then S is product-
free in G if there is no solution to the equation xy = z for x, y, z ∈ S;
equivalently, if S ∩ SS = ∅, where SS = {xy | x, y ∈ S}. For a finite
group G, a locally maximal product-free set in G is a product-free subset

2020 MSC: 20D60, 05E15, 11B75.
Key words and phrases: product-free sets, locally maximal, maximal, groups.
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Some properties of various graphs associated

with finite groups∗

X. Y. Chen, A. R. Moghaddamfar, and M. Zohourattar

Communicated by A. Yu. Olshanskii

Abstract. In this paper we investigate some properties

of the power graph and commuting graph associated with a finite

group, using their tree-numbers. Among other things, it is shown

that the simple group L2(7) can be characterized through the tree-

number of its power graph. Moreover, the classification of groups

with power-free decomposition is presented. Finally, we obtain an

explicit formula concerning the tree-number of commuting graphs

associated with the Suzuki simple groups.

1. Notation and definitions

We will consider finite simple graphs Γ = (VΓ, EΓ), where VΓ 6= ∅

and EΓ are the vertex set and edge set of Γ, respectively. A clique (or

a complete set) in Γ is a subset of VΓ consisting of pairwise adjacent

vertices (we do not require that it be a maximal complete set). Especially,

a complete graph is a graph in which the vertex set is a complete set.

A coclique (edgeless graph or independent set) in Γ is a set of pairwise

∗This work was done during the first and second authors had a visiting position at
the Department of Mathematical Sciences, Kent State University, USA. They would
like to thank the hospitality of the Department of Mathematical Sciences of KSU. The
first author thanks Cultivation Programme for Young Backbone Teachers in Henan
University of Technology, the Project of Henan Province (182102410049), and NSFC
(11926330, 11926326, 11971189, 11771356).
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