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Abstract. The basic concept in algebra namely set theory can be expanded into rough set 
theory. Basic operations on the set such as intersections, unions, differences, and 
complements still apply to rough sets. In addition, one of the applications on rough sets is 
the use of rough matrices in decision-making processes. Furthermore, mathematical or 
informatic researchers who work on rough sets connect the concept of rough sets with 
algebraic structures (e.g. groups, rings, and modules) so that a concept called rough 
algebraic structures is obtained. Since the research related to rough sets is mostly carried 
out at the same time, different concepts have emerged related to rough sets and rough 
algebraic structures. In this paper, new definitions of the rough ring and rough subring will 
be given along with related examples and theorems. Furthermore, it will also be defined the 
left ideal and the right ideal of the rough ring along with examples. Finally, we will discuss 
the theorem regarding rough ideals. 
Keywords: Rough Sets, Rough Rings, Rough Subrings, Rough Ideals 

I. INTRODUCTION AND BASIC THEORY 

In 1982, Pawlak introduced the notion of rough set [1]. Before we consider the definition of 
a rough set, we need to consider the definition of approximation space, equivalence relation, 
lower and upper approximation, and boundary.  
 
Definition 1.1 [1] Suppose 𝑈𝑈 is a universe and non-empty set and 𝛽𝛽 is an equivalence relation 
on 𝑈𝑈. The set (𝑈𝑈,𝛽𝛽) is said to be an approximation space. 
 
Definition 1.2 [1] Suppose 𝑈𝑈 is a universe and 𝛽𝛽 be an equivalence relation on 𝑈𝑈. We denote 
the equivalence class of object 𝑥𝑥 in 𝑅𝑅 by [𝓍𝓍]𝛽𝛽 . 
 
Definition 1.3 [1] Suppose (𝑈𝑈,𝛽𝛽) is an approximation space and 𝒳𝒳 is a subset of 𝑈𝑈. The sets 
𝒳𝒳 = �𝓍𝓍�[𝓍𝓍]𝛽𝛽 ∩ 𝒳𝒳 ≠ ∅�, 𝒳𝒳 = �𝓍𝓍|[𝓍𝓍]𝛽𝛽 ⊆ 𝒳𝒳�, and 𝐵𝐵𝐵𝐵𝐵𝐵(𝒳𝒳) = 𝒳𝒳 −𝒳𝒳 are called upper 
approximation, lower approximation, and boundary of 𝒳𝒳. In other reference like [2] and [3], 
the notation of lower and upper approximation are 𝐴𝐴𝐴𝐴𝐴𝐴(𝒳𝒳) and 𝐴𝐴𝐴𝐴𝐴𝐴(𝒳𝒳) respectively.  
 
Definition 1.4 [1] Let 𝑈𝑈 is an approximation space and 𝒳𝒳 is a subset of 𝑈𝑈. 𝒳𝒳 is called a rough 
set in (𝑈𝑈,𝛽𝛽) if and only if 𝐵𝐵𝐵𝐵𝐵𝐵(𝒳𝒳) ≠ ∅.  
 

To clarify Definition 1.4, an example will be formed as an explanation of Definition 1.4.   
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SOME NEW REMARKS ON POWER SUMS 

Leomarich F. Casinillo 

Department of Mathematics, Visayas State University, Baybay City, Leyte, Philippines  
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Abstract. Power sum is one of the interesting topics in number theory where its 
application in other sciences is known to be wide. This paper intends to stipulate new 
remarks on an explicit polynomial solution to power sums. Additionally, it investigates 
the general solution under odd and even numbers of terms and discusses some examples. 
Keywords: power sums; explicit polynomial solution; odd and even terms 

I. INTRODUCTION 

In number theory, a lot of mathematicians are intrigued by finding an explicit solution to 
power sums [1] [2] [3] [4] [5] [6]. Power sum is a sum of 𝑛𝑛 consecutive natural numbers that 
is raised to the power of 𝑝𝑝 ∈ ℤ+ [6]. In particular, this can be written as 

                                                1𝑝𝑝 + 2𝑝𝑝+. . . +𝑛𝑛𝑝𝑝 = �𝑖𝑖𝑝𝑝
𝑛𝑛

𝑖𝑖=1

                                                                 (1) 

Now, if the first term of the sequence is arbitrarily chosen to have a power sum of 𝑡𝑡 terms, then 
it can be written as follows 

                       𝜆𝜆𝑝𝑝 + (𝜆𝜆 + 1)𝑝𝑝 + (𝜆𝜆 + 2)𝑝𝑝+. . . +(𝜆𝜆 + 𝑡𝑡 − 1)𝑝𝑝 = � 𝑖𝑖𝑝𝑝
𝜆𝜆+𝑡𝑡−1

𝑖𝑖=𝜆𝜆

                                 (2) 

where 𝜆𝜆 and 𝑝𝑝 are natural numbers. Evidently, there are many mathematical results have been 
published in the literature that deals with the solution of power sums via different methods [7] 
[8] [9].  Inspired by the existing and fascinating results, this paper intends to construct a new 
polynomial solution that solves a power sum explicitly.  

In fact, this paper is motivated by the paper of Casinillo [10], whose work is focusing on 
alternating power sums. Hence, an identical method in [10] was used to obtain some new 
remarks in finding the solution of power sums. Firstly, we consider the different mathematical 
forms of power sums adapted from [10]. Here it is. Let 𝜆𝜆 and 𝑝𝑝 be natural numbers. If 𝑡𝑡 = 2𝑥𝑥 −
1 (𝑥𝑥 ∈ ℤ+), then 

𝑆𝑆𝑡𝑡𝑜𝑜(𝜆𝜆, 𝑥𝑥,𝑝𝑝) = � 𝑗𝑗𝑝𝑝
𝜆𝜆+2𝑥𝑥−2

𝑗𝑗=𝜆𝜆

= 𝜆𝜆𝑝𝑝 + (𝜆𝜆 + 1)𝑝𝑝 + ⋯+ (𝜆𝜆 + 2𝑥𝑥 − 2)𝑝𝑝              (3) 

 and for 𝑡𝑡 = 2𝑥𝑥 (𝑥𝑥 ∈ ℤ+), we have 

𝑆𝑆𝑡𝑡𝑒𝑒(𝜆𝜆, 𝑥𝑥,𝑝𝑝) = � 𝑗𝑗𝑝𝑝
𝜆𝜆+2𝑥𝑥−1

𝑗𝑗=𝜆𝜆

= 𝜆𝜆𝑝𝑝 + (𝜆𝜆 + 1)𝑝𝑝 + ⋯+ (𝜆𝜆 + 2𝑥𝑥 − 1)𝑝𝑝             (4) 

 
In this study, the superscripts 𝑜𝑜 and 𝑒𝑒 in the power sum notation above represent an odd and 

even number of terms of the series, respectively. Next, we need the following notations. First, 
we let 𝑃𝑃𝑛𝑛(𝑥𝑥) ∈ ℤ[𝑥𝑥] be a polynomial in 𝑥𝑥 of degree 𝑛𝑛 ∈ ℤ+. Secondly, we let 𝑓𝑓𝑗𝑗(𝜆𝜆) ∈ ℤ[𝜆𝜆] be 
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