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Abstract. 
 

Regularity of non-stationary and stationary solutions to the diffusion 
approximation of the GI/G/1 queueing system under the elementary return 
boundary condition are discussed in this paper. Some boundedness of the 
solutions are also verified by using maximum principle. 

 
 
Introduction 
We discuss explicit non-stationary and stationary solutions to an initial boundary value 
problem of a linear partial differential equation of parabolic type, used in the elementary 
return boundary formulation of diffusion approximation to the GI/G/1 queueing system. 
It has been one of open problems in the literature [18]. 
Diffusion approximation is one of the most useful methods for tracing the temporal 
behavior of queueing systems. It describes the probability distribution function of the 
customer number in the system or virtual waiting time of a customer at each time, which 
is formulated by an initial boundary value problem of a linear partial differential 
equation of parabolic type. It is especially efficient for the GI/G/1 queueing system, 
where the inter-arrival times are independent and identically distributed random 
variables, customers are served in order of arrival, the service times of customers are 
independent and identically distributed random variables, and the inter-arrival and 
service times form independent sequences. The justification of this approach was 
provided by Kleinrock [12]. 
Even though the queue length is assumed to be infinite, the customer number in the 
system and virtual waiting time take non-negative values. Therefore, we have to 
consider the problem on the interval 𝑹+ ≡ (0,∞) . As a result, some boundary 
conditions at 𝑥 = 0  and 𝑥 → ∞  are necessary. In general, there exist two 
formulations of the diffusion approximation of the GI/G/1 system according to the form 
of boundary conditions: the reflecting barrier and elementary return formulations. The 
former formulation models the sample path of the object to be reflected instantaneously 
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Primes in Geometric-Arithmetic Progression

Sameen Ahmed Khan
Department of Mathematics and Sciences,

College of Arts and Applied Sciences (CAAS),
Dhofar University

Post Box No. 2509, Postal Code: 211
Salalah, Sultanate of Oman

Abstract

A geometric-arithmetic progression of primes is a set of k primes (denoted by GAP-
k) of the form p1r

j +jd for fixed p1, r and d and consecutive j , i.e, {p1, p1r + d,

p1r
2 + 2d, p1r

3 + 3d, . . . }. We study the conditions under which, for k ≥ 2,
a GAP-k is a set of k primes in geometric-arithmetic progression. Computational
data (along with the MATHEMATICA codes) containing progressions up to GAP-
13 is presented. Integer sequences for the sets of differences d corresponding to
the GAPs of orders up to 12 are also presented.

AMS subject classification: 11B39, 33C05, 11N13.
Keywords: Primes, primes in arithmetic progression, primes in geometric-arithmetic
progression, integer sequences.

1. Introduction

Primes in arithmetic progression (denoted by AP-k, k ≥ 3) refers to k prime numbers
that are consecutive terms of an arithmetic progression. For example, 5, 11, 17, 23, 29
is an AP-5, a five-term arithmetic progression of primes with the common difference 6.
In this example of five primes in arithmetic progression, the primes are not consecutive
primes. CPAP-k denotes k consecutive primes in arithmetic progression. An example of
CPAP-3 is 47, 53, 59 with the common difference 6. Primes in arithmetic progression
have been extensively studied both analytically (see the comprehensive account in [3])
and numerically (see, [6, 7]). The largest known sequences contain up to 26 terms, i.e,
AP-26 and 10 consecutive primes i.e, CPAP-10 (see [1, 8] for the AP-k records and [1, 9]
for the CPAP-k records).
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Prediction of generalized order statistics
from two independent sequences

M. S. Kotb
Department of Mathematics,

Faculty of Science,
Al-Azhar University, Nasr City, Cairo 11884, Egypt.

Abstract

The paper deals with various exact distribution-free prediction intervals for the
future generalized order statistics (GOS) from a X-sequence of independent and
identically (iid) continuous random variables, based on observed GOS from an-
other independent Y -sequence of iid variables from the same distribution. The
coverage probabilities of these intervals are exact expressions and are also free of
the parent distribution F . Finally, a real life data set is used to illustrate the proposed
procedures.

AMS subject classification: 11B39, 33C05, 11N13.
Keywords: Prediction intervals, Generalized order statistic, Order statistics, Records,
Sequential order statistics, Coverage probability.

1. Introduction

Let X1,n,m,k, X2,n,m,k, . . . , Xn,n,m,k be n GOS from an absolutely continuous cumulative
distribution function (cdf) F(x) and probability density function (pdf) f (x). The idea
of GOS has been introduced, see Kamps [8], as a unified approach to a variety of models
of ordered random variables (r.v.’s) with different interpretations, such as ordinary order
statistics, sequential order statistics, progressive type II censoring, record values, kth
record values, Pfeifer’s records. Review articles on GOS are found in Al-Hussaini [6],
Cramer [7], Kamps and Cramer [9] and among others.

Prediction of future events on the basis of the past knowledge are of natural in-
terest in this context. There are different types of predictions of future observation
such as one-sample prediction, two-sample prediction and multi-sample prediction. We
focus our attention here on the two-sample prediction. In this type, we use the first
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